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Abstract

This deliverable presents a simplified version of the Successive Cancellation (SC) decoder for Non-
Binary Polar (NB-Polar) codes. The proposed decoder, named Successive Cancellation Min-Sum
(SC-MS), is exclusively formulated in the Log-Likelihood Ratio (LLR) domain to reduce the decoding
complexity of the SC decoder. The NB-Polar codes are associated with Cyclic Code-Shift Keying
(CCSK) modulation to obtain a new coded modulation scheme for ultra-low signal-to-noise ratios
(SNRs). A version that reduces the complexity of the SC-MS decoder is also presented. The quantized
version of the SC-MS decoder is investigated using quantized LLRs on optimized size of bits. This
deliverable also reports on the comparison of NB-Polar, NB-LDPC, and NB-Turbo decoders in terms
of frame error rate (FER) performance.
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Executive Summary

Work Package 1 (WP1: NB codes) of the QCSP project targets the design and the optimiza-
tion of low coding rate CCSK-NB-codes. Three families of NB codes will be investigated: NB-Turbo
code (by Lab-STICC/IMTA), NB-Polar code (by CEA and ETIS) and NB-LDPC code (by building
upon the previous work of Lab-STICC/UBS, CEA).

The goal of Task 1.3 (ETIS): Decoding algorithms, performance and complexity consid-
erations [M9-M21] is to investigate, strengthen, and compare different solutions to decode low-rate
NB codes. On the one hand, non—simplified decoding algorithms for NB-Turbo and NB-LDPC codes
have been intensively investigated in the literature. However, for very low coding rates, only little is
known about their performance/complexity trade-off. Thus, extra optimizations may be required —
especially for low-complexity algorithms — in order to fully exploit the correction capability of the code.
On the other hand, decoding algorithms for NB-Polar codes have practically not been investigated
in the literature (except for the standard SC decoding approach). We aim at investigating different
solutions for decoding NB-Polar codes, including SC decoding with min-sum or min-max approxi-
mations [1], or the generalization to the NB case of more powerful SC-List and D-SC-Flip decoding
algorithms [2]. Decoding algorithms should be compared in terms of both error correction perfor-
mance and computational complexity. Hardware efficiency/architectural considerations will also be
taken into account, to enable the transfer of the proposed solutions to WP3. Deliverable 1.3: Report
(Public) M21

0 6 12 18 24 30 36
| J J J J J
Task 1.1: Specification of code parameters and performance requirements * | ] | |
- Task 1.2: Design of low rate NB-codes | S s Sy
2| Task13 Decoding algorithms, performance and complexity considerations ﬂ |

Task 1.4: Comparison and validation of the proposed solutions | |

Figure 1: Gantt diagram of WP1

This deliverable is organized as follows:
Section 1 presents an introduction to Non-Binary Polar (NB-Polar) codes.
Section 2 presents NB-Polar codes and the CCSK modulation.

Section 3 describes the Log-Likelihood Ratio (LLR) calculation of the association between the Cyclic
Code-Shift Keying (CCSK) modulation and the NB-Polar code, this section also proposes the Succes-
sive Cancellation Min-Sum (SC-MS) decoder and a version that reduces the complexity of the SC-MS
decoder.

Section 4 presents the finite precision SC-MS decoder.

Section 5 presents the comparison of NB-Polar, NB-LDPC, and NB-Turbo decoders in terms of frame
error rate (FER) performance.
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1 Introduction

Binary Polar codes [3|, introduced by Arikan in 2008, are the first provable capacity-achieving
error correction codes for binary-input discrete memoryless channels with low encoding and decoding
complexity. Binary polar codes have been adopted for the Enhanced Mobile Broadband (eMBB)
control channel of 5G New Radio (NR).

In the current decade, more than 50 billion devices will be connected thanks to the Internet of
Things (IoT) [4]. The new generation of mobile networks, notably the 5G system, will need to support
short packet traffic [5,6]. At the link level, we can take advantage of powerful error control codes such
as Non-Binary Polar (NB-Polar) codes to transmit short packets.

NB-Polar codes [7-11] of length N = 2", also known as g-ary polar codes, are powerful Forward
Error Correction (FEC) codes defined over the Galois Field (GF) F,, ¢ > 2. A NB-Polar code
processes multiple bits in parallel and helps reduce the probability of frame error compared to binary
polar codes.

The Cyclic Code-Shift Keying (CCSK) modulation [12] is a ¢g-ary direct-sequence spread-spectrum
(DSSS) technique that improves the spectral efficiency of spread-spectrum systems. The CCSK mod-
ulation can provide self-synchronization and identification capabilities. All CCSK sequences are ob-
tained from a unique pseudo-random noise (PN) sequence that is circularly shifted. In [13], the
authors propose the association of NB-LDPC codes and CCSK to prevent the information loss when
calculating channel probabilities at the symbol level.

In this report, we associate the CCSK modulation to NB-Polar codes to obtain a new coded
modulation scheme that can be used in low power networks requiring long range connectivity and
high sensitivity, e.g. Low-Power Wide-Area (LPWA) networks for IoT applications. We examine the
Successive Cancellation (SC) decoder for NB-Polar codes operating in the probability domain. The
association of CCSK and NB-Polar codes enables the SC decoder to have good decoding performance
at ultra-low signal-to-noise ratios (SNRs).

In order to reduce the complexity of the SC decoder, we propose a decoder named Successive
Cancellation Min-Sum (SC-MS) decoder that is exclusively formulated in the Log-Likelihood Ratio
(LLR) domain. To further reduce the complexity of the SC-MS decoder, we simplify the kernel
transformation for construction of the NB-Polar codes. The simplified kernel also helps reduce the
complexity of the NB-Polar encoder.

We investigate SC-MS decoders defined over small alphabets constructed from @Q,,, € {2, 3,4, 5} bits
of precision for the internal LLRs. We also quantize the channel LLRs on small alphabets constructed
from Q. € {2,3,4,5} bits of precision.

Our numerical results show that the SC-MS decoder presents a negligible performance degradation
with respect to the SC decoder for code length N € {64, 128, 256,512,1024}. In the case of code length
N = 2048, the SC-MS decoder suffers a very small performance loss compared to the SC decoder,
the degradation at FER = 1072 is around 0.1 dB for Fos. Comparing quantized SC-MS decoders,
we observe that the (Q.n, = 3,Qy, = 4)-bit SC-MS can achieve almost the same performance as the
(Qen = 5, Q@ = 5)-bit SC-MS. We also observe that the (Qq, = 2, Q. = 3)-bit SC-MS decoder offers
a good trade-off between performance and complexity.

When comparing the performance of the SC-MS decoder with the NB-LDPC and NB-Turbo de-
coders, we observe that the NB-Turbo decoder has the best performance for the different simulated
codes. Comparing the SC-MS and NB-LDPC decoders, both decoders have almost the same FER
performance, in some cases the SC-MS decoder has better performance and in others the NB-LDPC
decoder has better performance.

©QCSP, December 2021 Page 5 of (23)
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2 NB-Polar Codes and CCSK Modulation

2.1 Non-Binary Polar Codes

In this report, a NB-Polar code of length N = 2" is defined over the Galois Field F,, with ¢ = 2P and
where p > 1. Let © = (x¢,...,2n-1), 2; € Fy for i = 0,..., N — 1, be the codeword that is obtained
after encoding the message u = (uo,...,un—-1), u; € Fy for i = 0,..., N — 1. Also, let F; denote the
set of all non-zero elements of F,. It is worth mentioning that a GF element can be represented by a
binary vector of size p, e.g. x1 = (29, ..., :U]f_l). For the construction of NB-Polar codes, we consider
the kernel transformation 7 : (xo,z1) = (uo ® w1, h ® u1), with ’®” and '®’ respectively denoting the
addition and multiplication rules over Fy, and where i € [y is a randomly chosen element. It has been
shown in [7] that the transformation 7 guarantees polarization of the NB-Polar codes if ¢ is a prime
power. A NB-Polar code of length N = 2" is obtained by applying T recursively (n times), and in
each step of the recursion different values of h can be used. In the decoding process, T is composed of
a check node (CN) and a variable node (VN), hence a NB-Polar code of N = 2" has n(N/2) VNs/CNs.
The update rule for a VN/CN is presented in section 3. Fig. 2.1 shows a graph of a NB-Polar code of
N = 23 and composed of 12 VNs (represented with [=] ) and 12 CNs (represented with € ).

uo O— ? @ = 20
U — ® :? =k h) = =1
@ 1 i o— =
us =) :é—h% =g s
] ] ] ]
Uy — (= h2 = ? & — Za
] ] ] ]
s =h A ? gSinllinaks
: = 2 : = 1] :
e — =M h N =r o~ i 6
[ [ | [ [
u7 ==} h} H=F h} = h3 = 7
v v v v
(<3 ) (21 2o

Figure 2.1: Graph of a NB-Polar code of length N = 8.

A (N, K) NB-Polar code has K information symbols, a total length of N = 2", N — K frozen
symbols, and code rate R. = K/N. Thus a codeword is composed of K x p bits of information. Let
Z = {io,...,ix—1} denote the set of indices 0 < ix < N — 1 that serves to indicate the positions of the
information symbols, and let Z¢ denote the set of all elements in the set {0,...,N — 1} that are not
in Z. We use a genie-aided successive cancellation decoder (3] to compute the sets Z and Z¢ at each
SNR value. In this report, the frozen symbols uze = {u;,7 € Z¢} are set to zero and their positions
are known to both encoder and decoder. Note that w = (uz,uze), where uz = {u;,i € Z} are the
information symbols.

2.2 Cyclic Code-Shift Keying Modulation

The CCSK modulation is a technique that associates pseudo-random noise (PN) sequences of length
q = 2P to p-bit symbols. Each sequence is derived from a unique PN sequence 19 = (19(0), ...,mo(¢—1))
of length ¢, where ng(k) € {0,1} for k =0, ...,¢ — 1. We perform the circular shift to the left of 79 in
s €10, ...,¢q—1} positions to obtain the PN sequence ns = (75(0), ...,ns(¢—1)), where ns(k) = no((k+s)
mod ¢q) for k =0, ...,q — 1. The rate of the modulation is R,, = p/q.

PN sequences can be constructed using a Linear Feedback Shift Register (LFSR). The PN sequence
generated by an LFSR has good autocorrelation properties. Algorithms like the genetic algorithm can
also be used to generate and optimize a PN sequence.

Page 6 of (23) ©QCSP, December 2021
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3 Successive Cancellation Based Decoders

In this section, we present the association of CCSK modulation to NB-Polar codes. We also propose
a simplified version of the SC decoder. Taking advantage of the recursive structure, the decoder for
the NB-Polar code proceeds in n + 1 stages £ € {0,...n}, see Fig 2.1. From this section onwards, we
distinguish between two types of LLRs, the channel LLRs calculated at stage £ = 0 and the internal
LLRs obtained at stage ¢ € {1,...,n}.

3.1 Definition of the Log-Likelihood Ratio

Let no = (10(0), ...,mo(¢ — 1)) denote a fundamental PN sequence, and let n = (1, ..., 1z, _, ) denote
the codeword after applying the CCSK technique to © = (zo,...,2ny—1). Each symbol z; € F,
i =0,..,N—1, of & is mapped to the PN sequence n;, = (1z,(0),...,7z,(¢ — 1)), where n,,(k) =
no((k+z;) mod q) for k =0,...,q—1, with n,, (k) € {0,1}. The code rate after the CCSK modulation
is Re = Rc x Ry, = (K x p)/(N x q). We consider that i is modulated by the Binary Phase-
Shift Keying (BPSK) modulation and transmitted over the Binary Input Additive White Gaussian
Noise (BI-AWGN) channel with noise variance o2. The channel output y = (yo,...,yn_1), with
vi = (yi(0), ...,yi(¢g—1)) fori = 0,..., N—1, is modeled by y;(k) = (1—2n4,(k))+z(k), k=0,...,q—1,
where z;(k) is a sequence of independent and identically distributed (i.i.d.) Gaussian random variables

with zero mean and variance o?.
We can define the vector of channel LLRs L; = (L;(0), ..., Li(¢ — 1)) of a GF symbol z; as
Li(z:) = log <Pr Yi | ) Vz; € Fy, (3.1)
Pr(y; | 1)

where 7, is the hard decision over y;, i.e. 7z, (k) = 1if y;(k) <0, 7z, (k) = 0 otherwise, k =0,...,¢—1.
Equation (3.1) can be expressed as:

q—1
Li(wi) = ) _log (Px(yi(k) | s, (k))) — log (Pr(yi(k) | ns,(k))) Vi € Fy. (3-2)
k=0
Replacing the conditional distribution for the BILAWGN channel Pr(y | z) = Zme_(y_a’)Q/ 20° we
obtain X
= 2vi(k) R
Li(wi) = 3 = 5= (i (k) = iy (k) Vi € Fy. (3.3)

k=0
The vector of channel LLRs computed with (3.3) allows us to obtain only positive LLR values. To
set at least one element of L; equal to zero, we use

Li(z;) = Li(z;) — min(L;) Vz; € F,. (3.4)
From the LLR values, the probability distribution P;(x;) = Pr(y; | z;) can be computed by:

e—Li(ﬂﬁi)

Z e—Li(m;)

z}€Fyq

3.2 Successive Cancellation Decoder

The SC decoder, defined in the probability domain [14], estimates the information symbols one by
one. Note that each estimated symbol is used to decode the next symbol.

©QCSP, December 2021 Page 7 of (23)
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Let P! = (P, ..., Pf(,_l) denote the probability distribution computed at stage ¢ € {0, ...,n} during
the decoding process, where P! = (P{(0),...,P{(¢ — 1)), i = 0,..., N — 1, denotes the probability
distribution of the intermediate values uf, and let af denote the estimated symbol of uf. We note
that u) = ;. At the initialization stage of the SC decoder (¢ = 0), P? is initialized with (3.5), i.e
P? = Py(z;) fori =0,...,N — 1.

Let us consider the transformation

T (uf_l ug_} ) = (ugfl EBu ol 17h£511 @u¢f 1) , (3.6)

ef 1 ¢f 1
where Gf_l and gf)f_l are given by
0/t =2t — (t mod 2¢71),
“L=9ol Lot — (t mod 2°°Y),
fort=0,1,...,N/2 — 1.

To simplify the notations, we use 6 (respectively ¢) to denote fol (respectively (bffl). Similarly,
h is used to denote hze 1 for simplicity.

The update rules con31der1ng T are shown in Fig. 3.1.

7 A B
{—1 ¢ {—1 ~0 ~f—1

h<—P¢ P¢ h<—P¢ Uy, h_’“qs
(a) Check node. (b) Variable node. (c¢) Propagation of .

Figure 3.1: Update rules for the SC decoder.

The update rule at a CN is given by

=4 Z PN uf @ ué)Péil(h ©) ug) Vup € Fy, (3.7)
ul €F
e q

where 71 = Zug cF, Pg (ug), i.e. B is a normalization factor.
The update rule at a VN is defined as

Pf(uf) = 0Py (af @ uf) i (houh), (3.8)

-1 _ ¢ (¢
where 07" = E“fbqu Py (u¢>
To propagate the estimated symbols, we use

(a5~ a5") = (ag @ af, hoaf) . (3.9)

We can estimate a message @ = (4, ..., WR,_) of length N = 2™ by applying (3.7), (3.8), and (3.9)
at each decoding stage ¢. At stage ¢ = n, the hard decision of u}' is obtained as

. 0, if iel1°
Wi =\ argmax P/(u;), if i€Z. (3.10)

i

3.3 Successive Cancellation Min-Sum Decoder

We propose a simplified version of the SC decoder named Successive-Cancellation Min-Sum (SC-MS)
decoder that is exclusively formulated in the LLR domain.

Page 8 of (23) ©QCSP, December 2021
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3.3.1 Update Rules of SC-MS Decoders

Let L = (L§, ..., L% _,) denote the LLRs computed at stage £ € {0, ..., n} during the decoding process,
and let LY = (L{(0),...,Lf(q¢ — 1)), i = 0,...,N — 1, denote the LLR of u{. The SC-MS decoder is
initialized using (3.4), i.e. we have L) = Ll(x;) for i = 0,...,N — 1. With these notations and
considering 7 of (3.6), the update rule at a CN is given by

Ly(ub) = 1}16111; (Lg_l(ug ) uf;)) + Lé_l(h ©) ué)) Vuj € . (3.11)
u¢ q

The update rule at a VN is defined as

Ly (uf) = L5t (dhwul) + L5 (houh) . (3.12)

L (uf) = L (uf) — min (L7,). (3.13)
Equation (3.13) is necessary for numerical reasons to ensure the nondivergence of the SC-MS decoder.
In the decoding process without the use of (3.13), the internal LLRs converge to very large numerical
values that are computationally intractable.
We can estimate @ = (4, ..., @%_,) by applying (3.11), (3.12), (3.13), and (3.9), where the hard
decision of u;' is obtained as

o 0, if 1e€Z°
Ui = 9§ argmin L7 (u}), if €. (3.14)
ult

(3

3.3.2 Performance of SC-MS Decoders

In this section, we present the frame error rate (FER) performance of SC-based decoders over the
BI-AWGN channel for various NB-Polar codes and two high-order GFs.

A genie-aided SC decoder is used to compute the set Z. Additionally, the set of symbol positions
Turs is obtained using a genie-aided SC-MS decoder. The sets Z and Z,sg are calculated at each value
of SNR; the results show that the two sets are not equal although they may have many elements in
common.

We consider four cases for the Monte Carlo simulations: (i) (K = 20,Fs), (i7) (K = 160,Fs),
(7ii) (K = 30,Fqs), and (iv) (K = 240,Fys). Also, we consider N € {64,128,256} for K € {20, 30},
and N € {512,1024,2048} for K € {160,240}. For all NB-Polar codes, the SC decoder performance
is shown as a benchmark.

Fig. 3.2 shows the FER performance comparison between the SC and SC-MS using Z and Zy;g,
for six code lengths N € {64,128,256,512,1024,2048} and for the GF Fys. The results obtained
show that the SC-MS decoders present a negligible performance degradation with respect to the SC
decoders when the code length is N € {64, 128,256}.

Simulation results for the code length N € {64,128, 256,512,1024,2048} and the field Fys are
provided in Fig. 3.3, we can see a negligible performance loss for SC-MS decoders when the code length
is N € {64,128,256}. We can observe at FER = 10~2 a very small performance loss of about 0.1 dB
for (N = 2048, K = 240), 0.08 dB for (N = 1024, K = 240), and 0.05 dB for (N = 512, K = 240).
Similar behavior is observed for K = 160, Fys, and N € {512,1024,2048}.

When comparing the FER performance of the SC-MS decoders using the sets 7 and Zyg, the SC-
MS decoders implemented with Z have (almost) the same decoding performance as SC-MS decoders
implemented with Zy;g.

3.4 Low-complexity decoding for NB-Polar codes

In this section, we optimize the SC-MS decoder to reduce its complexity.

©QCSP, December 2021 Page 9 of (23)
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NB-Polar code, K = 20,q = 2°
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= 107t = 102 N=1024
% 3 = -3
g 10 8 1073¢ N=512
S = N =2048
o
=10 4L g =
5} 5}
g 107 g 105F
b~ ——SC, float-point, Z =t ——SC, float-point, 7
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Figure 3.2: FER performance of SC-based decoders for N € {64, 128,256,512, 1024, 2048} over Fye.

NB-Polar code, K = 30,q = 28

NB-Polar code, K = 240,q = 28

10 10
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Figure 3.3: FER performance of SC-based decoders for N € {64,128, 256,512, 1024, 2048} over Fys.
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3.4.1 Optimized Encoding of NB-Polar Codes

In section 2, we considered the kernel transformation 7 : (zg, z1) = (uo®u1, h®uy) for the construction
of NB-Polar codes, where h € T is a randomly chosen element. A NB-Polar code of length N = 2" is
obtained by applying T recursively (n times). Once the construction of a NB-Polar of length N = 2"
code is finished, we obtain n layers of coefficients h. For example, Fig. 2.1 shows a graph of a NB-Polar
code of N = 23, we can see three layers of coefficients h.

Let dy denote the configuration where the first £ layers of h are equal to 1. Then, we obtain that dg
corresponds to all the coefficients h different from 1, and also that d,, corresponds to all the coefficients
h equal to 1. Let us take the example of N = 23. Figure 3.4 shows all the possible configurations for
dy, we can observe that for configuration ds all coefficients are equal to 1.

A 1| |n§| |AS 1 1| |Ad 1 1 1
h hi 1| |Ad 1] [z 1] [z
h3 1 1 1
3 1 1 1
H/_/ %/—/
do dy ds ds

Figure 3.4: All the possible configurations of dy.

(N = 64, K = 20) NB-Polar code, g = 2°

10°
E 107! )l
&
=
o 107¢F 3
-~
o]
=3
8 10_ 3 _SCa I,d()
t —Q—SC, Ivdl
S 4 L—6—5C, I,d;
g —6—SC, Z,ds
© slm 8-SC, Z,dy4
& 107 F |- %-SC, Z,ds
-%-S8C, Z,ds
10° ‘ ‘ ‘
-13 12 11 -10 9

Es/NO (dB)
Figure 3.5: FER performance of SC decoders for (N = 64, K = 20) and for d; € {do, ...,dg} over Fos.

For the optimization process of dy, we use the SC decoder, we also take into account the association
of CCSK modulation and NB-Polar codes. For the good choice of dy, we compare the FER performance
results of the SC decoder by varying dy, and we choose the configuration d; that does not degrade the
FER performance of the SC decoder.

Figure 3.5 represents the FER performance of the SC decoder for (N = 64, K = 20) and for
dy € {do,d1,ds,ds,dy,ds,dg} over Fos. We can clearly see that the FER performance of the SC
decoder is the same for any configuration dy, hence the best choice for dy is dy = dg = d,,, that is, we
can put the value of 1 to all the coefficients.

Figure 3.6 and Figure 3.7 present the FER performance results for d; = dy and dy = d,, considering
different codes lengths NV = 2", different code rates R = K/N, and different fields F,. The simulation
results again show that dy = d,, is the best choice.
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Figure 3.6: FER performance of SC decoders for dy € {dy,dgs} over Fyr and Fos.
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Additional simulation results are presented in Figure 3.7 for (N = 64, K = 20) and for dy € {dp,d,,}
over F, € {Fq6,Fo7,Fos, oo}, once again we can see that d; = d,, is the best choice.
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Figure 3.7: FER performance of SC decoders for K € {20,60} and for dy € {dp,ds} over Fys.
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Figure 3.8: FER performance of SC decoders for (N = 64, K = 20) and for d; € {dy,d,} over
]Fq S {]FQG,]F27,]F28,]F29}.

From all the results obtained, we can conclude that all the coefficients h can be equal to 1 and
therefore it is not necessary to use random coefficients. Setting all the coefficients equal to 1 implies a
100% reduction in the use of a memory to store the coefficients. Also, in the process of construction
of NB-Polar codes, the multiplication '®’ is no longer necessary, hence the kernel transformation
T : (zo,z1) = (up B ui, h®uy) becomes To : (zg, z1) = (up @ u1,u1). Using the kernel transformation
To implies only using XOR logic gates for encoding the NB-Polar codes.

Note that the transformation given in equation 3.6 becomes:

To - (ugga,uga) _ (ugfl o fl,ugﬁl) . (3.15)

The update rules considering 7o are described in Section 3.4.2.
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3.4.2 Optimized Decoding of NB-Polar Codes

In this section, we present the update rules used to reduce decoding complexity of SC-MS decoders.
Let n, be a natural number such that 0 < n, < ¢, and let IF‘fLO = {/\e, )\({, e /\flo_l} be a subset of F,,
where \f € F, for i = 0,...,n, — 1. Also let Lf;o = (Lf;o (X§), ...,Lf;o (AL, _1)) denote the n, smallest
values of the vector Lé = (L‘é(O), o Lé(q —1)). With these notations and considering 7o of (3.15),
the update rule at a CN is given by

O LN\ : =1/, 0 l 0—1/y0 0
Lh(ub) = i (L6 (wh @ M) + L5 1 () vuf € By, (3.16)
One can see that equation 3.16 is less complex than equation 3.11. For a fixed value of ug, equation
3.16 performs n, < g operations, while equation 3.11 performs ¢ operations. Hence the importance of
choosing a small value of n,.
For the case of the VN, the update rule is given by

Ly () = L (af @ ub) + L5 (uh). (3.17)

4 0\ _ l :
Ly <u¢> =L, (u¢) — min (Lib) . (3.18)
We can estimate @ = (4, ..., 4%_,) by applying (3.16), (3.17), (3.18), and (3.9), where the hard
decision of u' is obtained as

» 0, it ie1e
Ui =9 argmin L' (u}), if i€eZ. (3.19)
ug

The value of n, is optimized using Monte Carlo simulations. To compare the FER performance
of the optimized decoders, the SC decoder performance is shown as a benchmark using n, = ¢ and
dy = dy. Figure 3.9 shows the FER performance of SC-MS decoders for (N = 64, K = 20) and d; = d,
over [F, € {IFgs,Fo7}. For the case Fys, we can see that n, between 16 and 20 is a good choice due to
negligible performance loss. In the case of Fy7, n, between 30 and 40 is a good choice. Of course, we
always choose the smallest possible value of n,.

Simulation results for (N = 64, K = 20) and F, € {Fq6,Fy7,Fos,Fy0} are provided in Figure 3.10.
We can see that the performance losses of the SC-MS decoders are negligible for small values of n,
compared to ¢q. From Figure 3.9 and Figure 3.10, we can see that for a fixed code rate, the ratio n,/q
decreases as ¢ increases.

Figure 3.11 depicts the FER performance of the SC-MS decoders for N € {64, 128,256} and
R = 5/16 over Fys. Comparing the decoders, the SC-MS decoders with small values of n, can reach
the FER performance of the SC decoders. From these results, we can see that for a fixed code rate
and fixed ¢, n, increases as the length N increases.

3.5 Complexity of SC-based Decoders

We measure decoding complexity by counting the adders, multipliers, and comparators used by the
decoder over the field F,. In an SC decoder, a CN requires ¢ multiplications and ¢(q — 1) additions;
and a VN requires ¢ multiplications. The normalization process requires ¢—1 additions and ¢ divisions.
In the case of an SC-MS decoder, a CN requires ¢? additions and ¢(q — 1) comparisons; and a VN
requires ¢ additions, ¢ — 1 comparisons, and ¢ subtractions.

We report in Table 3.1 the complexity of a CN and a VN. Note that the subtractions are considered
as additions and the divisions as multiplications.

When the optimized SC-MS decoder is considered, the complexity of the CN is reduced. In
Table 3.1, we can observe that the number of additions is reduced from ¢? to gn, and the number of
comparisons is reduced from ¢(q — 1) to g(n, — 1).
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Table 3.1: Complexity of a single CN and a single VN for F,.

Decoder | Node # of # of # of
multipliers | adders | comparators
CN 2 2_1 _
sC q°+q q
VN 2q qg—1 -
CN - -1
SO-MS q alqg—1)
VN - 2q qg—1
Optimized | CN - qno a(no — 1)
SC-MS VN - 2q qg—1

©QCSP, December 2021

Page 15 of (23)



D1.3:Decoding algorithms, performance and complexity considerations

[=]

NB-Polar code, R =5/16,q

=96

—
)

_

e
~
,

—_

S
(3]
T

I
(98)
T

—_

S
N
T

W

Frame error rate (FER)
) 3

S

——SC, T, (N = 64,n, = 64, dy)
[ |--B-=SC-MS, (N = 64,n, = 18, dg)
—4—SC, T, (N = 128,n, = 64, dy)

—0--SC-MS, (N = 128,n, = 24, d7)

F|——SC, T, (N = 256,n, = 64, dy)

---SC-MS, (N = 256,n, = 28, ds)

S
N

-13

-12

-11

E-S/NO(dB)

-10

-9

Figure 3.11: FER performance of SC-MS decoders for N € {64,128,256} and R = 5/16 over Fos.

Page 16 of (23)

©QCSP, December 2021



D1.3:Decoding algorithms, performance and complexity considerations

4 Finite Precision SC-MS Decoders

In this section, we present a finite precision version of the SC-MS decoder for low complexity
hardware implementation.

4.1 Quantization used for SC-MS Decoders

For quantized SC-MS decoders, the LLRs have to be quantized and saturated. Let )., denote the
number of precision bits of quantized channel LLRs, and let A.;, denote the alphabet of channel LLRs
defined as A., = {0,+1,...,+N.,}, composed of N, + 1 states, where N, = 2Qch — 1.

Let us also denote the quantizer by Q : R — A, for the quantized SC-MS decoders, defined as

Q(a) = min (|a x a] , Ng), (4.1)

where |.] depicts the floor function. The parameter « is called channel gain factor and is used to
increase or decrease the amplitude of channel LLRs at the decoder input.
After computing L} with (3.3) and (3.4), the quantized version I; = (1;(0), ..., I;(¢ — 1)) of L] can
be obtained as
I; (xl) =0 (L;(.%'z)) Vo, € Fq. (4.2)

The quantized channel LLR I; is used to initialize the decoder.

Let us denote by Ay, the alphabet of the internal LLRs defined as Az, = {0, +1, ..., + N,, }, composed
of N, + 1 states, with N,, = 297 — 1 and where Q,, is the number of precision bits of quantized
internal LLRs.

4.2 Update Rules

4.2.1 SC-MS Decoders

Let I = (Ig, . I]{,_l) denote the quantized LLRs computed at stage ¢ € {0, ...,n} during the decoding

process, and let I! = (I£(0), ..., I{(¢ — 1)), i = 0,..., N — 1, denote the quantized LLR of uf. At stage

¢ = 0, the input of the quantized decoder is obtained with (4.2), i.e. I? = I;(z;) for i = 0,..., N — 1.
Considering 7T of (3.6), the update rule at a CN is given by

I (ug) = ulf?eh@{qu (Ig_l (ug ® ué) + I(i_l (h ©) uﬁ,)) Yuf € T, (4.3)

For the case of a VN, the update rule is determined by

1y (uh) = 15" (af o uf) + 157 (houf). (4.4)

Iﬁ (ué) = min (Ié) (uf;,) — min (Ié,) ,Nm> . (4.5)
The message @ = (4g, ..., W};_;) can be estimated using (4.3), (4.4), (4.5), and (3.9). The hard decision
uy is obtained using (3.14), where L? is replaced by I} for i = 0,..., N — 1.

The operators used in the quantized SC-MS decoder require (), + 1 bits of precision. Since it is
easier to implement fixed point operations, the (Qcn, @m)-bit SC-MS decoder reduces computational
complexity. Comparing the (64,64)-bit SC-MS (floating-point) with the (2,3)-bit SC-MS, we can
roughly obtain a 93.7% reduction in complexity. Note that we compare the number of bits of the
operators, i.e. 100(1 — (@, + 1)/64).
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4.2.2 Optimized SC-MS Decoders
Let 15 = (I5,(X0), - 15, (A, 1)) denote the quantized LLR of LY = = (L5 (X)), ..., L, (A, —1))-

ne—1

Considering 7o of (3.15), the update rule at a CN can be written as
L (, L . /-1 4 l {—1 l L
1, (u9> = )\?gb‘]% (Ig (u9 & )\Z-) + 1y, ()\Z» Vuy € IFy. (4.6)

For the case of a VN, the update rule is given by

1 (uh) = 157t (af @ uf) + 157 (uh).- (4.7)

If) <ué) = min (I:b (ué) — min (I(’z,) ,Nm) . (4.8)
Then, @ = (4g, ..., 0% _,) can be computed using (4.6), (4.7), (4.8), and (3.9).

4.3 Performance of Fixed-Point SC-MS Decoders

In this section, we present the simulation results of finite precision SC decoders over the field Fys. We
focus on the (N = 64, K = 20) NB-Polar code and different bits of precision for channel LLRs and
internal LLRs. All quantized decoders use the set Z for the symbol positions.

The channel gain factor o used to quantize the channel LLRs are optimized using Monte Carlo
simulations. In Table 4.1, we indicate the optimal values of « for (Qcp, @ )-bit SC-MS decoders. We
also report in Table 4.1 the SNR losses of the (Qcn, Qm)-bit SC-MS decoder with respect to the SC
decoder.

Table 4.1: SNR losses of finite precision SC-MS decoders for the (N = 64, K = 20) NB-Polar code
and for the field Fys.

« | SNR loss (dB) . | SNR loss (dB)

Q- Qm) | 0" | g ppR = 1072 || @ @n) | @ | g ppg = 192
(2,2) | 0.40 1.00 (3,4) ] 0.90 0.17
(2,3) 0.55 0.45 (3,5) 0.90 0.15
(2,4) |055 0.45 (4,4) | 1.10 0.14
(2,5) | 0.55 0.45 (4,5) | 1.40 0.11
(3,3) | 0.60 0.38 (5,5) | 1.90 0.07

Fig. 4.1 depicts the FER performance of the best quantized SC-MS decoders for low precision
(Qchys Qm). We can see that the (5,5)-bit SC-MS decoder has the best FER performance, and the
(3,4)-bit SC-MS decoder can achieve almost the same performance as the (5,5)-bit SC-MS decoder.

The FER performance curves plotted in Fig. 4.2 shows the performance of the optimized (Qcn, Qm )-
bit SC-MS decoders. The SNR losses of the optimized (Qcp, @m)-bit SC-MS decoder with respect to
the SC decoder are listed in Table 4.2.

From all results obtained, the (2,3)-bit SC-MS decoder is a good option for applications that
require low hardware complexity. In the case where the decoding performance is privileged by the
applications, the (3,4)-bit SC-MS decoder is a good choice for a hardware implementation.
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Figure 4.1: FER performance of the (Qcp, @ )-bit SC-MS decoders over Fos, N = 64, and K = 20.
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5 Performance of Non-Binary Decoders

In this section, we compare the FER performance of the SC-MS decoder (NB-Polar decoder)
with the NB-LDPC and NB-Turbo decoders. We consider the BILAWGN channel, the GF Fq6, and
the code rate R € {1/3,2/3}. We also consider N € {64,128,256} for the NB-Polar codes and
N € {60,120, 240} for the NB-LDPC and NB-Turbo codes.

The Monte Carlo simulations for NB-Polar, NB-LDPC, and NB-Turbo decoders with CCSK mod-
ulation are presented in Figure 5.1 and Figure 5.2. We can observe that the NB-Turbo decoder has
the best performance.

Comparing the NB-Polar and NB-LDPC decoders, both decoders have almost the same FER
performance. In some cases the NB-Polar decoder has better FER performance as shown in Figure
5.2(c), and in others the NB-LDPC decoder has better performance as seen in Figure 5.1(a).
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Figure 5.1: Performance comparison of non-binary codes using code rate R = 1/3 and field Fos.
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6 General Conclusion

In this document, we first have shown that NB-Polar codes associated with CCSK modulation
can achieve very low FER at ultra-low SNR. Moreover, we have proposed a simplified version of the
SC decoder. The SC-MS decoder has been defined in the LLR domain and it reduces the decod-
ing complexity. To further reduce complexity of the SC-MS decoder, we have simplified the kernel
transformation for construction of NB-Polar codes. We have also proposed a quantized version of the
SC-MS decoder.

The Monte Carlo simulations have shown that the SC-MS decoders present a negligible performance
degradation with respect to the SC decoders for code length N € {64,128,256,512,1024}. In this
study, we have demonstrated that the (2,3)-bit SC-MS and (3,4)-bit SC-MS offer a good trade-off
between decoding performance and complexity.

On the other hand, the FER performance of the SC-MS decoder has been compared with the FER
performance of the NB-LDPC and NB-Turbo decoders. We have shown that the NB-Turbo decoder
has the best FER performance, and the SC-MS decoder and the NB-LDPC decoder have almost the
same FER performance.
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